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409. 


ON THE CONDITIONS FOR THE EXISTENCE OF THREE EQUAL 
ROOTS, OR OF TWO PAIRS OF EQUAL ROOTS, OF A BINARY 
QUARTIC OR QUINTIC. 


[From the Philosophical Transactions of the Royal Society of London, vol. cuvin. (for the 
year 1868), pp. 577—588. Received November 26, 1867,—Read January 9, 1868.] 


[IT is remarked, Proc. R. Soc. vol. xvul. p. 314, that the above title is a misnomer: 
I had in fact in regard to the quintic considered not the twofold relations belonging 
to the root-systems 311 and 221 respcctively, but the threefold relations belonging to 
the root-systems 41 and 32 respectively. The proper title would have been “On the 
conditions for the existence of certain systems of equal roots of a binary quartic or 
quintic."] 

In considering the conditions for the existence of given systems of equalities 
between the roots of an equation, we obtain some very interesting examples of the 
composition of relations. A relation is either onefold, expressed by a single equation 
U=0, or it is, say k-fold, expressed by a system of k or more equations. Of course, 
as regards onefold relations, the theory of the composition is well known: the relation 
UV=0 is a relation compounded of the relations U=0, V=0; that is, it is a 
relation satisfied if, and not satisfied unless, one or the other of the two component 
relations is satisfied. The like notion of composition applies to relations in general; 
viz., the compound relation is a relation satisfied if, and not satisfied unless, one or 
the other of the two component relations is satisfied. I purposely refrain at present 
from any further discussion of the theory of composition. I say that the conditions 
for the existence of given systems of equalities between the roots of an equation 
furnish instances of such composition; in fact, if we express that the function (*(«, y)", 
and its first-derived function in regard to æ, or, what is the same thing, that the 
first-derived functions in regard to a, y respectively, have a common quadric factor, 
we obtain between the coefficients a certain twofold relation, which implies either that 
the equation («Qz, y)"=0 has three equal roots, or else that it has two pairs of 
equal roots; that is, the relation in question is satisfied if, and it is not satisfied 
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unless, there is satisfied either the relation for the existence of three equal roots, or 
else the relation for the existence of two pairs of equal roots; or the relation for 
the existence of the quadric factor is compounded of the last-mentioned two relations. 
The relation for the quadric factor, for any value whatever of n, is at once seen to 
be expressible by means of an oblong matrix, giving rise to a series of determinants 
which are each to be put =0; the relation for three equal roots and that for two 
pairs of equal roots, in the particular cases n=4 and n=5, are given in my “Memoir 
on the Conditions for the existence of given Systems of Equalities between the roots of 
an Equation," Phil. Trans. vol. cxLvi. (1857), pp. 727—731, [150]; and I propose in the 
present Memoir to exhibit, for the cases in question n=4 and n=5, the connexion 
between the compound relation for the quadrie factor with the component relations 
for the three equal roots and for the two pairs of equal roots respectively. 


Article Nos. 1 to 8, the Quartic. 


1. For the quartic function 
(a, b, c, d, eto, yy, 


the condition for three equal roots, or, say, for a root system 31, is that the quadrin- 
variant and the cubinvariant each of them vanish, viz. we must have 


I —ae— Abd + 3c = 0, 
J = ace — ad? — be + 2bcd — è = 0. 
2. The condition for two pairs of equal roots, or for a root system 22, is that 


the cubicovariant vanishes identically, viz. representing this by 


(A, B, 50, 10D, 5E, F, Ga, yy —0, 


we must have 


A= ad-3abc + 2b? =0, 
B= ae + 2abd — Doc + 6b% = 0, 
C= abe—3acd + 2bd = 0, 
D=-—ad?+ be = 


E = — ade+ 3bce — 2bd? se, 
F = oe — 2hde + 9ce — bcd? = a, 
G =— be? + 3cde — 2d? = 0. 


3. But the condition for the common quadric factor is 


a, 9b, 36, d |= 0, 


x b, 8e, 8d, el 
| a, 3b," 980, | d 
IA Se 3d, e 


and the determinants formed out of this matrix must therefore vanish for (J, J)= 0, 
and also for (A, B, C, D, E, F, G)=0, that is, the determinants in question must be 
syzygetically related to the functions (J, J), and also to the functions (A, B, C, D, E, F, @). 
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4. The values of the determinants are 


1234=3 x 1235 =3 x 1245 = 1345 = 3 x 9345 23x 
ace + 1 ade l Ge a h abe? — 1 ace + 1 
ad? — A abce + 4 abde + 2 acde + 4 ad'e — 1 
abe — 1 abd? + 1 ace + 9 ad*: — 3 pe — s 
abcd + 14 acd — A acd? — 9 bde + 1 bede + 14 
ac —, 9 Ge — "3. bee — 9 bce -- 3 bd. —.8 
bd — 8 bed + 2 bad? + 8 bed? + 2 de — 9 
Bc? + 6 cad + 6 


5. The syzygetic relation with (J, J) is given by means of the identical equation 
yt, —4ay’, Gay, — 42, a"|=—61I. HU+9J. U, 
AVR o me SO (Te 
DEN DO 3d. 9 
a, AN YO YO s) d; 
begat e Cie, af the 2 
or, as this may be written, 
(1234, 1235, 1245, 1345, 2345%z, y} =— 6I. ĦU +9J.U, 
where HU is the Hessian of U, 


ac +1 ad w 2sirae TA bbe tas 2 ce + 1 
eU 


= ( 6-1. be e cd—2]| @-1 Ya, y) 
es 
6. That is, we have 
1234=( ac — b , G0— 61, 9J), 
4.1295—(2ad—2bc , 4b%- 6I, 9J), 
6. 1245 =( ae +2bd — 38, 6c $— 61, 9J), 
4 . 1345 — (2be — 2cd , 4dý-— 61, 9J), 
2345 =( ce — d? ,  eb-67, 9J). 


7. The determinants thus vanish if (I, J)=0, that is, for the root system 31; 
they will also vanish without this being so, if only 


Reto agg =, Te 


3J _Nac — b: _ ad — bc _ ae + 2bd — 3: be—cd ce—d. 
(27) - s 6c y XT. m 


. J : : tA 
and we may omit the first member G I =) since if the remaining terms are equal 
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to each other they will also be =. The equations may then be written 
| ac— b, ad—be, ae+2bd—3c, be—cd, ce—d? | = 0, 
23 15 aba. Ge A 2d5 , e 


and the ten equations of this system reduce themselves (as it is very easy to show) to 
the seven equations 


(A, B, Qu, E, 4,6) =O, 
which, as above mentioned, are the conditions for the root system 22. 


8. It may be added that we have 
A B C D E P G 


Co] a 


eje 


ofm 


where it is to be noticed that the four equations having the left-hand side =0, give 
B: C: D: E: F proportional to the determinants of the matrix 


H, ar BÈ , Z a : 
— e, ; ^66, , —a 
=d, 3e, — b | 
| =e, en +39c —b | 


the determinants in question contain each the factor c, and omitting this factor, the 
system shows that B, C, D, E, F are proportional to their before-mentioned actual 
values. 


Article Nos. 9 to 15, the Quintic. 
9. For the quintic function 
(a, b, c, d, e, fia, yy. 
the condition of a root system 41 is that the covariant, [B —] No. 14, shall vanish, 
viz. we must have 
A = 2 (ae — 4bd + 3c? ) = 0, 
B= af—3be +2cd =0, 
C =2 (bf — 4ce + 3d?) = 0. 
10. The condition of a root system 82 is that the following covariant, viz. 
13458 — 2502, =]8(No. 13? (No. 14) — 25 (No. 15), 
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0801 + Le 
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@ 


61 


YA; a 


LE 


009 — «P99 
006 + 299 
0046 — Pa] | OOST — Pad | 0001 — P%9 | 00€— 229 
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89P + op 0091 —9P9? |001 +999 |GEI+ S001090 +p, | 00 9,07 = 
066 — 20| 09E + qo GGT +449? |ITAGL Lew | FFI fol 91 — ae 2 
796 —/bqo 961 — 2 06€ -PP |701- 0| 17 +9” |EI-PAL]OD 
FIL 50106 -ajor reiege +/e|ç +AV|E + AP š 
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12. “The conditions for the common [cubic] factor are 


the several determinants whereof are 


a, 


b, 4c, 


4b, 


4b, 
6c, 
4c, 
6d, 


6c, 
4d, e 
6d, 4e, f 
4e, "f 
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given in Table No. 27 of my “Third Memoir on 
Quantics,” Philosophical Transactions, vol. CXLVI. (1856), pp. 627—647, [144]. 


13. These determinants must therefore vanish, for (A, B, C)=0, and also for 
(A, B,... L, 90) 20, that is, they must be syzygetically connected with (A, B, C), and 
also with (A, %,...%, M). The relation to (A, B, C) is in fact given in the Table 


appended to Table No. 27, viz. this is 


1234 = 
1235 = 
1236 = 
1245 = 
1246 = 
1345 = 
1256 = 
2345 = 
1346 = 
2346 = 
1356 = 
2356 = 
1456 = 
2456 = 
3456 = 


Cx 


+ 60 

+ 6ab 

— 2ac+ 88 

+ 18 ac 

+ 12 be 

+ 24 ad 

— lae+ 4bd+ de 
+ 20 ae + 40 bd — 30 e 
+ 4ae+ 8bd+ Ge 
+ 4af+ 20 be 
+ 4be+ Bed 
+ 8f +10 ce 
+ 6 ce 

+ Ge 

+ 16 df — 10 e? 


+Bx 


— 12 ab 

— 2ac—10 bè 

+ Gad — 18 bc 

— 6 ad — 30 bc 

+ 4ae d bd 24 c? 
— 8 ae — 40 bd 

+ laf + 5be—18 cd 
- 80 be + 20 cd 

— 36 cd 

— 8bf — 4ce 

+ 4bf — 4ce — 24 d? 
— 6 cf — 30 de 

+ Dei —18 de 

— 2df — 10 e 

— 12 ef 


+ 
de 
E 
api 
+ 
SE 
SL 
pi ia 
ape 
+ 
sk 
d 


+Ax 


16 ac — 10 802 

6 ad 

2df+ 8e 

8 ae + 10 bd 
4be+ Bod 

4 af + 20 be 
lòf+ 4ce+ 3 dË 
20 bf + 40 ce — 30 d? 


14. Between the expressions A, B, &c., and 1234, 1235, &c. there exist relations 
the form of which is indicated by the following Table: 
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15. Assuming the existence of these relations, we have for the determination of 
the numerical coefficients in each relation a set of linear equations, which are shown 
by the following Tables, viz. referring to the Table headed cl, bB, a. a. 1234, [first of 
the seven tables infra] if the multipliers of the several terms respectively be A, B, C, X, 
then the Table denotes the system of linear equations 


0 A +3B 4+ 330 + OX=0, 
3 A +0B —102C —16 X=0, 
&c., 


that is, nine equations to be satisfied by the ratios of the coefficients A, B, C, X, 
and which are in fact satisfied by the values at the foot of the Table, viz. 


A:B:C: X=+66 : -11 : +1 : +6. 


There would be in all fourteen Tables, but as those for the second seven would 
be at once deducible by symmetry from the first seven, I have only written down the 
seven Tables; the solutions for the first and second Tables were obtained without 
difficulty, but that for the third Table was so laborious to calculate, and contains such 
extraordinarily high numbers, that I did not proceed with the calculation, and it is 
accordingly only the first, second, and third Tables which have at the foot of them 
respectively the solutions of the linear equations. 


16. The results given by these three Tables are, of course, 


66 cA — 11 0538 + 1laG+ 6a. 1234=0, 
330 dA + 110 cB — 55 b6 + 9 aD — 105 a. 1235 =0, 


+ 266478575 ed 
— 617359490 dB 
+ 144200810 et 
+ 9656911 bD 
+ 9090785 a& 
— 721004050 c . 1234 
+ 90914175 5.1235 
— 160758675 a. 1245 
+ 11559295 a.1236 = 0. 
It is to be noticed that the nine coefficients of this last equation were obtained 
from, and that they actually satisfy, a system of fourteen linear equations; so that the 


correctness of the result is hereby verified. 
39—2 
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17. The seven Tables are 


First Table. 
cA bB a& a. 1234 


abf 
a?ce 
ad? 
a?be? 
a? bcd 
oc 
ab?d 
ab?e? 
ble 


Second Table. 
dA cB DE aD a. 1235 5.1934 


+ 330 + 110 e 55 + 9 — 105 0 


eG bD a(& c.1934 5.1935 æ. 1245 a. 1236 
= 90 _ 6 + 6 
— 195 +16 
+ 33 + 10 + 360 = 4 + 6 — 22 
— 390 — 1500 + 24 — 26 — 6 
— 102 + 900 = 18 —96 + 16 
— 216 + 1800 + 36 +96 
+ 155 + 225 + 4 +16 
+135 + 100 + 16 — 84 + 90 — 10 
— 600 — 1500 — 24 — 80 
+120 +1600 —152 + 64 
+480 + 96 
+ 125 + 60 
— 150 — 1000 + 80 — 40 
— 300 — 60 


| | | lamm l rr |S 


+ 266478575 | —617359490| + 144200810 | +9656911| + 9090785 | —721004050| --90914175| — 160758675| + 11559295 
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d.1234 ¢.1235 6.1236 b, 1245 a. 1246 a. 1345 


f| —16 + 10 + A a 
acde — 144 | —102 | — 390 + 1320 | — 16 | + 24 + 24 | — 208 
ad’ — 216 + 1080 | + 36 + 144 
abef | +50 + 155 | + 360 | + 900 + 4] —22 1+ 6| + 24 
ab?de +. 80 | + 135 — 1500 | — 2700 | + 16 — 6|—26| — 20 1 — 40 
abc?e + 240 + 100 | + 900 | + 900 — 84 | + 16 | — 96 + 60 
abed? + 120 | — 600 | + 1800 | — 600 | — 152 | — 24 + 96 — 40 
acd + 480 | + 1600 + 96| + 64 
bif | -24 + 225 + 16 
b'ce — 150. + 125 + 60 | — 10 | + 90 
bid? — 150 — 1500 + 80 — 80 
bed — 300 | — 1000 — 60 | — 40 
Fifth Table. 
fs & dD eG b a8 6.1234 d.1235 c.1236 c.1245 b. 1246 5.1345 a.1256 a. 2345 a. 1346 
af? -—L' di-a 
har — 114|— 608 + 4 — Q + 16 
a'cdf 10|— . 90 + 537 — 4 |+ H 6 — 16 |+ 20] — 36 
Ge = 199 — J45|]= 16 + 16 + 16 |— 80| — 16 
a'd'e 390 + 1740 |+ 36| + 24 +16|+ 60| + 36 
ab*df 155 — 364|=: 245 + 4 = "le 94| -—151— 80| — 16 
alg — 990|—1700|+ 16 — 4/+ 64 + 240 
abe? f + 360|+ 468|+ 1740 — 22 | + 6 | — 24 |+ 24 + 60| +36 | 
abede 100 | — 1500 | + 1320 | — 2000 | — 152 | — 84 | — 6| — 26 | + 24 | — 208 — 860 | — 20 
abd? 600 + 1080 + 600 = 9⁄4 + 144 + 960 
ac'e + 900 + 600|+ 96 + 16 | — 96 + 960 
acd? + 1600 | + 1800 — 400 + 64 + 96 — 920 
bef + 225|+ 900 + 16 + 24 
Pde — 2700 + 80! + 60 — 20 |— 40 
Bete + 900 — 60 — 10 | + 90 + 60 
bed? — 1000 | — 1500 | - 600 — 40 — 80 — 40 
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And the remaining seven Tables might of course be deduced from these by writing 
(f e, d, c, b, a) instead of (a, b, c, d, e, f), and making the corresponding alterations 
in the top line of each Table. 


18. The equations A=0, B=0,...., 90—0 consequently establish between the 
fifteen functions 1234, 1235,...3456 a system of fourteen equations, viz. the first and 
last three of these are 

1234 = 0, 


1235 — 0, 
— 160758675 . 1245 
+ 11559295.1236 = 0, 


+’ 11559295 . 1456 
— 160758675 . 2356 = 0, 
2456 = 0, 
3456 = 0. 
To complete the proof that in virtue of the equations 9[=0, B=0,.., M=0 all 


the fifteen functions 1234, 1235,...3456 vanish, it is necessary to make use of the 
identical relations subsisting between these quantities 1234, &c.; thus we have 


a.1345 + 4b.1245 + Ge . 1235 Ad. 1234 = 0, 
b.1345 + 4c . 1245 + 6d. 1235 + 4e . 1234 = 0, 
which, in virtue of the above equations 1234=0 and 1235=0, become 


a.1345 + 4b. 1245 = 0, 
b . 1345 + 4c. 1245 = 0, 


giving (unless indeed ac—b?=0) 1245=0, 1345=0; the equation 1245=0 then 
reduces the third of the above equations to 1236=0, and so on until it is shown 
that the fifteen quantities all vanish. 
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